1. Introduction. In this paper, we continue the study of degree-4 characteristic classes begun in Part I [9] . The underlying theme is to find sheaf-theoretic objects which represent classes a Ha(BG;7Z) and to explore their geometry.
Such an object is a "sheaf of bicategories" and is an example of what L. Breen has called a 2-gerbe [5] , [6] . The situation we are dealing with is entirely analogous to that which exists between the first Chern class of a line bundle and the differential geometry of the line bundle itself. We will assume throughout that the reader is familiar with Part I, where this program was carried out in the case of a compact 1-connected Lie group G and its complexification G.
We begin in Section 2 with the case of the circle S and its complexification *. Here we find an explicit 2-gerbe (together with a "notion of connectivity") representing the square of the universal first Chern class c 2 (Theorem 2.4 and Remark 2.5). This is done by generalizing Deligne's observation that the construction of a holomorphic line bundle-with-connection from two invertible holomorphic functions can be interpreted geometrically as a cup product [2] , [14] .
In Section 3, we consider the the natural transgression H3(LB*) to the free loop space. This corresponds geometrically to taking the holonomy of the 2-gerbe associated to c 2 around a loop. From the Segal-Witten reciprocity law (Theorem 5.9 of Part I) specialized to the case of *, we know that z singles out those extensions of L I* by * which have the reciprocity property; these are the extensions that split canonically over loops which extend holomorphically to the interior of any Riemann surface. The main point of Section 3 is to prove that this reciprocity law implies the classical reciprocity theorem of Weil; let f, g be any two meromorphic functions on a Riemann surface with disjoint zeroes and poles, then [14] , [26] H f(p)Ordg(p)_ H g(p)ordf(p) P P While this was certainly known to Witten [42] and Segal [36] , we feel that our approach using gerbes is the fight framework to understand this phenomenon. Indeed the reciprocity law is exactly what is needed to fill in a 2-arrow between two given 1-arrows in a 2-gerbe.
BRYLINSKI AND McLAUGHLIN
For the sake of completeness, we also construct the 2-gerbe associated to a class in Ha(BG; Z) " H3(BG; *), when G is a finite group (Theorem 4.1). This is done in Section 4 and is just an adaption of the Eilenberg-Mac Lane interpretation of degree-3 group cocycles as equivalence classes of "kernels" [21] . We note that the transgression z above also makes sense here and leads to a version of the reciprocity law (Theorem 4.3) . This is certainly implicit in the paper of Dijkgraaf-Witten [18] as was pointed out by Segal [36] . We use it to explicitly construct the fusion algebra and to derive the Verlinde formula in this context (Theorem 4.5) . Given [10] .
In Section 6, we consider a proper holomorphic fibration f: X Y whose fibers are connected Riemann surfaces of genus /. If E X is a Hermitian holomorphic vector bundle, then we show how the compatibility between 2 and 2 v can be "pushed forward" along the fibers of f to produce a metrized line bundle on Y. This can be done either purely cohomologically as a transgression in Hermitian holomorphic Deligne cohomology (Corollary 6.2) or geometrically using 2-gerbes (Proposition 6.4).
Finally in Section 7, we apply these ideas to construct the Quillen metric on (the rth power of) the determinant line bundle over the moduli space /'(r, L) of stable bundles of rank r and fixed determinant on a Riemann surface E, in the case where (r, deg &a)__ 1. The idea is to interpret the Narasimhan-Seshadri
Theorem [32] as defining a Hermitian structure on the universal family over '(r, ') E and to push forward along E. This bypasses the usual construction based on the analysis of the Laplace operator [34] . The possibility of such an algebro-geometric approach to this metric was first raised by Deligne [16] . From our point of view, the transcendental nature of the metric is already encoded in the Narasimhan-Seshadri Theorem. It should also be emphasized that we obtain more than just a cohomological construction of this metrized line bundle. The geometric approach using 2-gerbes actually leads to a description of the sections themselves which should be relevant to the problem of explicitly constructing noncommutative theta functions.
Elsewhere [11] This paper owes much to the ideas presented in [15] and [36] and to the paper by Witten [43] . We thank P. Deligne HI(x; (1)) = H(X;_(9c)--the global, invertible holomorphic functions, and H2(X;(2)) HI(X;_ x)--the group of isomorphism classes of holomorphie line bundles with connection [2] , [30] , [14] .
PRO'OSITIOrq 2.1 [2] , [14] , [22] . Associated to any two invertible holomorphic functions f and 9, there is a well-defined holomorphic line bundle with connection, denoted (f, 9] . This is constructed usin9 the cup product in Delione cohomolooy.
The isomorphism class of ( (a) the assignment to each object P of over an open set U, of an fl_ -torsor Co(P); (b) the assignment to each isomorphism q" P -, P' in _tz, of an isomorphism ," Co(P) Co(P') of_fl-torsors.
These assignments must be compatible with restriction to smaller open sets and satisfy the following property; the effect of an automorphism of a local object P induced by the invertible holomorphic function g, is to translate Co(P) by -g-ldg.
It was shown in Theorem 3.5 of Part I that the equivalence classes of _(9*-gerbes with connective structure are classified by Ha(x; 7Z (2) [8] , [7] to obtain a "sheaf of categories" which we will denote by '. To define the composition o in v, we need the notion of contracted product (R) of two _(9*-gerbes 1, _2 [8] , [25] . By definition, this is the _(9*-gerbe obtained by sheafifying the presheaf whose objects are the same as those of the _(9* x _(9*-gerbe 1 x 2, but the morphisms are given by Hom((P1, P2), (Pi, P)) := Hom_,(P1, Pi) (R) Hom_,(P2, P).
The product on the fight is just the usual tensor product of _(9 *-torsors, and Pi, P[ denote local objects of -i. This defines a group structure on the set of equivalence classes of _(9*-gerbes over X, where the trivial gerbe of _(9*-torsors is the identity element.
As a particular case of the contracted product of _(9*-gerbes, we see that for any two [37] . Define a simplicial gerbe with connective structure on B tE.* as follows: over C*, we place the trivial gerbe _ of _(9*-torsors with the trivial connective structure, which assigns to an _(9*-torsor P, the _fll-torsor of connections on P. Over C* *, we must then specify a trivialization of the trivial gerbe-with-connective-structure, i.e., an _(9*-torsor with connection. This will be the holomorphic line bundle with connection (u, v] of Proposition 2.1, where (u, v) [14] , [26] , [42] . Let However, that square root is not unique, as the set of possible square roots correspond to the two spin structures on $1 [38] . One way to remove the square in Corollary 3.3, is then to specify a spin structure on the surface E obtained from S by cutting out small discs around the supports of f and #. This leads to the notion of a topological spin theory [38] , [18] .
There is however a more direct way to obtain the Weil reciprocity law from Theorem 5.9 of Part I. One may consider the case of rE* x rE* rather than just rE* and those extensions of LiE* x L112" which lie in the image of z" H4(B(tE x (E*)>1;(2)) Ha(B(LIE x LtE*)>;(1)) have the reciprocity property. Now consider the simplicial gerbe 1 on B(tE* x rE*) defined as follows. Over E*x tE*, one just has the trivial gerbe with trivial connective structure. The part of the data over each point (u,v,u2, v2) If there exists an extension of G by K with a group of operators 0, the m(g,h)
would then be a factor system, and the associativity of the group law would force a to be the identity. Therefore a is the obstruction to constructing such an extension.
It is easy to check that a is a group cocycle. We could also have regarded c as a groupoid with tensor product and used the method of Sinh [40] In [12] , we showed how one can construct all levels of the Dijkgraaf-Witten topological quantum field theory, directly from this 2-gerbe. This involved a reciprocity law for surfaces with boundary, but the presentation there was rather abstract. We will now make this more concrete and the relationship with [18] , [17] , and [23] will become more apparent. 
aj (h, k) (za)i(h k). (z)j(h, k). (5r)(h, k). (6s) -1 (h, k). (5t)(h, k),
i.e., (z0c)a,.0 is cohomologous to (z)i (z)j on Z, Zv. We will now derive the Verlinde algebra associated to .Firstrecallfrom [38] how in the case of a compact group G, one can construct the fusion algebra [13] . Following [10] and [44] , one can regard 2 v as living in H3(X;qFx iA1x iA2x ---. iA3x), where Ac denotes the sheaf of smooth, real-valued p-forms. Explicit cocycles representing 62 v and indeed all the differential characters were given in [10] . In this section, we will study the compatibility between 62 and 2 v.
To guide our discussion, we will begin with the first Chern class. So let Ae X be a holomorphic line bundle which admits a Hermitian structure. By definition, this is a smooth reduction of the structure group from * to qr--the complex numbers of norm 1. This is equivalent to specifying a Hermitian form h on A". Clearly the set of isomorphism classes of holomorphic bundles with Hermitian structure form a group under (R). In keeping with [11] , we will denote this group by PiChh(X). Our first task is to describe PiChh(X) cohomologically.
Let {Ui} be a trivializing open covering of ca X. Let si be an invertible holomorphic section over Ui, and let ti be a smooth section of over U with h(ti) 1 This should be compared to the classification of holomorphic line bundles with connection by the group H2(X; Z(2)o [2] , [30] . For this reason, the complex _(9, x--+ , with _(9 )-x placed in degree one, was called the hermitian holomorphic Deligne complex of order 1 in [11] . It will be denoted by
Next, we compute the curvature of a Hermitian holomorphic line bundle. This is well known and was done classically by Weil [41] . Nevertheless, it will be useful to recall the computation by purely cohomological methods given in [11] . A is the sheaf of 1-forms of type (1, 0), and iA__lx denotes the sheaf of purely imaginary 1-forms. The top row of this complex is acyclic, so the hypercohomology of the double complex is isomorphic to H*(X; _(9 _I!x _).
Therefore a hermitian holomorphic line bundle determines a cohomology class in this double complex. To construct a cocycle representing this class, choose a trivializing open cover {Ui} and let gij, uij, Pi be as above. The components of the representative cocycle in the bottom row will again be (gl, uij; pi). The only contribution from the top row will be a degree-zero cocycle with values in a1'
-----x; iA---lx and the only possibility for this is (-2g log p, (g log Pi-g log p)).
There is a natural morphism from our double complex to the complex A__ , obtained by projecting to the first column. This induces a homomorphism PiChh Hi(x; _(9 A). This latter group is just the equivalence classes of holomorphic line bundles with a connection compatible with the holomorphic structure. This interpretation comes from the fact that any such connection is of type (1, 0).
On the level of cocycles, the above homomorphism maps (gf]l,uti;pi, -2t3 log pi, log Pi-cO log Pi) to (g/l,-2c3 log Pi). The latter corresponds to a holomorphic line bundle with transition functions gi which is equipped with a connection represented by the 1-form -2t log Pi. Therefore the curvature is the Let AE(x) denote the group of closed smooth forms to on X of type (1, 1) , such that (2ni)-lto has integral periods. The following is the analogue for Hermitian holomorphic line bundles of a well-known result of Weil and Kostant [41] , [29] . PRO So far, we have been studying the first Chern class of a Hermitian holomorphic line bundle in two ways; from the holomorphic viewpoint, we obtain a class in HI (x; _ (9), and from the smooth perspective, we obtain a class in Hi(X; -x).
Not only are these classes compatible, but we have a "Hermitian holomorphie first Chern class" in Hi(x; _(9] ) _12"x _) which induces both of them. We now carry out the analogous discussion for the second Chern class of a holomorphic bundle with Hermitian structure. For each x Uijkl, let ,ij(x) be a path from si(x) to sj(x) in p-l(x) SLn() depending holomorphically on x. The composition i(x), 'k(X)* '-l(x) is a loop and so bounds some 2-simplex 6ijk(X), which we may assume to depend holomorphically on x. The formal linear combination of 2-simplices 6kl(X)-_ikt(X) + 6or(X)-6ik(X) is then a cycle. Therefore it bounds some 3-simplex Tokt(X), which again can be chosen to depend holomorphically on x. Now let v k. Tr(0-ld99-1doO-1dO) be the canonical bi-invariant 3-form on SLn(tl2). Suppose that V is the unique connection P X which is compatible with both the holomorphic and the Hermitian structure. It can be uniquely characterized as the connection on the subbundle Q x whose connection form extends to a connection form of type (1, 0) on P X [28] . We want to relate the classes 2 and 52 v. The basic idea, as outlined in [11] Observe that the above trace maps on 0,0, C are all compatible; indeed, they were all defined using the same formulas on the complexes cOo(q/, (2ni)) and c (q/, A" --x,) Therefore, all the individual trace maps combine to give a natural trace Rf,E(2)n.n. Z(1)n.n. in the derived catgory and hence a map on cohomology groups H4(X; (2) Our observation is that the Narasimhan-Seshadri Theorem defines a Hermitian structure on any Poincar6 family and we can compute its curvature directly. (1) The Narasimhan-Seshadri Theorem gives a smooth reduction of the structure group of P (R) P* -, /[(r, ) x E from SLr2() to SU(r2).
(2) Let K be the curvature of the unique connection V on P (R) P* defined by this unitary structure. Then K is fiat in the E-direction and the Chern-Weil representa-
